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A q u a l i t a t i v e  i n v e s t i g a t i o n  o f  the  sys tem of  d i f f e r e n t i a l  e q u a t i o n s  de -  

scribing the quasi-one-dimensional flow of an electrically conducting 
medium at small magnetic ReynoIds numbers gives an idea of the 
different possible flow patterns occuring when the electromagnetic 
field and channel shape are given in different ways. Such a treatment 
is essential for the calculation of one-dimensional flows, and also 
for the solution of variational problems [1]. 

[n the literature devoted to this question studies have been made of 
flow in a one-dimensional electromagnetic field and a charmel of 
constant cross section [2], as well as of the flow when the magnetic 
field is described by speeial!y given functions of the flow velocity 
[3]. These cases reduce to the analysis of integral curves in a plane. 

[n the present paper the investigation is carried out for an arbitrary 
distribution of the electric and magnetic fields and channel shape, 
which leads to a consideration of the behavior of integral curves in 
three-dimensional space. The qualitative results are illustrated by 
e x a m p l e s .  

1. We c o n s i d e r  the  s t e a d y - s t a t e  f low of an  i d e a l ,  
c o m p r e s s i b l e ,  e l e c t r i c a l l y  conduc t i ng  m e d i u m  in a 

f l a t  channe l  (Fig .  1) wi th  an  e x t e r n a l  m a g n e t i c  f i e l d  
B ~ = (0, 0, - B ~  The  u p p e r  anff  l o w e r  w a l l s  of t he  e h a n -  
n e l s  a r e  c o n d u c t o r s  wi th  p o t e n t i a l s  ~o and - ~ ; ,  r e -  
s p e c t i v e l y .  F o r  x ~ < 0 the  c h a n n e l  w a l l s  a r e  i n s u l a t o r s  
and  B ~ -= 0. The  gas  f l ows  in the  p o s i t i v e  d i r e c t i o n  of 

t he  x a x i s  f r o m  a r e s e r v o i r ,  w h e r e  it ha s  a d e n s i t y  

ps ~ e n t h a l p y  hs  ~ and  e l e c t r i c a l  c o n d u c t i v i t y  ~s ~ 

F ig .  1 

A s s u m i n g  tha t  the  f low is  o n e - d i m e n s i o n a l ,  tha t  the  
m a g n e t i c  R e y n o l d s  n u m b e r  is s m a l l ,  t ha t  the  Usual  
f o r m  of O h m t s  l a w  is v a l i d ,  and s u p p o s i n g  tha t  the  

m e d i u m  is a p e r f e c t  g a s ,  we w r i t e  down the  e q u a t i o n s  

of m o t i o n ,  e n e r g y  and c o n t i n u i t y  [1], 

puu' + p' + A z B ( u B - - ~ - ) = 0  (A---- B*~176176 ), 
p~~ 1/2-~: 

p~y = m. (1.1) 

H e r e  2y i s  t h e  h e i g h t  o f  t he  c h a n n e l ,  u i s  t he  v e -  

l oc i ty ,  p i s  t he  p r e s s u r e ,  m the  f l o w r a t e ,  A i s  a d i -  
m e n s i o n l e s s  p a r a m e t e r ,  ~ is  the  r a t i o  of s p e c i f i c  

h e a t s ,  a p r i m e  i n d i c a t e s  d e r i v a t i v e s  wi th  r e s p e c t  to 

x, the  q u a n t i t i e s  wi th  t h e  index  ~ h a v e  d i m e n s i o n s ,  
t h o s e  w i thou t  it  a r e  d i m e n s i o n l e s s .  The  r e l a t i o n  b e -  
t w e e n  d i m e n s i o n a l  and  d i m e n s i o n l e s s  v a r i a b l e s  is 

g i v e n  by the  r e l a t i o n s  
Xo yO u~ po 

x = T ,  Y y~O u V2--~; P =  p,~ 

p~ a o B o (p~ 

p = 2psOhsO 6 = - -  B = - -  r , ~s o , B ,  o ' yaOB,O V ' ~ s  ~ 

w h e r e  1 ~ is the  l eng th  of  the  channe l ,  B~ is the  m a x i -  
m u m  m a g n e t i c  f i e ld  s t r e n g t h  f o r  0 __< x -< 1, the  s u b -  

s c r i p t s  a, b a r e  a s s i g n e d  to p a r a m e t e r s  in  the  i n i t i a l  
and  f ina l  c r o s s  s e c t i o n s  of the  channe l ,  the s u b s c r i p t  
s r e f e r s  to p a r a m e t e r s  in the  r e s e r v o i r .  

t M 

! 

Fig .  2 

It  f o l l o w s  f r o m  (1.1) t ha t  f low in t he  channe l  is  d e -  
t e r m i n e d  by i ts  s h a p e  y(x),  the  m a g n e t i c  f i e l d  s t r e n g t h  

B(x),  the  e l e c t r i c  p o t e n t i a l  cp(x), and the  b o u n d a r y  c o n -  
d i t ions  in the in i t i a l  and  f ina l  c r o s s  s e c t i o n s  of the  
channe l .  We sha l l  a s s u m e  tha t  t he  f u n c t i o n s  B(x) and 
~(x)  a r e  con t inuous  e v e r y w h e r e  wi th  the  e x c e p t i o n  of 

i s o l a t e d  po in t s  w h e r e  t h e y  m a y  h a v e  a d i s c o n t i n u i t y  
of the  f i r s t  k ind ,  and y(x) is  con t inuous  and p o s i t i v e .  

We s h a l l  f u r t h e r  a s s u m e  tha t  f o r  x = 0 t he  p a r a m -  
e t e r s  u a,  Pa '  Pa a r e  known,  and f o r  x = 1 they  fu l f i l l  

one  of  the  cond i t i ons  

M b < t ,  Pb=P~o, (M .]/-mu~, (1.2) 
M b > l ,  Pb>/~oo, ~ - - .  x-~-/ (1.3) 

d e p e n d i n g  on the  f low c o n f i g u r a t i o n ,  w h e r e  M b is the  
M a c h  n u m b e r  at  the  e x i t  c r o s s  s e c t i o n  of the  c h a n n e l ,  
and  P~o is  t he  p r e s s u r e  of the  m e d i u m  wh ich  the  f low 
e n t e r s .  

I n t r o d u c i n g  the  M a c h  n u m b e r  M in p l a c e  of the  p r e s -  
s u r e  p, and e l i m i n a t i n g  p wi th  the h e l p  of the  con t inu i ty  
e q u a t i o n ,  we ob ta in ,  i n s t e a d  of (1.1), the  e q u i v a l e n t  
s y s t e m  

M ' =  M[J + , s  21 (xM2gAaa~l__mu2Y_~), 
m u  2 (1 - -  M 2) 

_ u (• 2 -  . (1.4) 12 r 

H e r e  a = aB 
y ' 

~ I = u B  x - - I  I + ~ r  ~ 
2 -[- ( •  1) M 2 y ' 

x - - t  ~ .  
Y 
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The second equation of (1.4) may be t r a n s f o r m e d  to 
the fo rm 

We shal l  inves t iga te  the nature of the s ingular i t ies  on l ine (2.2), 
i . e . ,  the x axis .  For smal l  u and M system (1.4) reduces to the form 

u' = u M '  t(z __ 1) AtpM~ct ( 1 . 5 )  
M [ I + ~ / ~ ( x _ _ I ) M  ~1 - -  m u [ 2 + ( u _ t ) M  ~] 

For  ce > 0 we have a genera to r  configurat ion,  for 
ce < 0 an acce l e r a to r  conf igurat ion[2,  3]. In what follows 
we shall  set  a ~ 1 for s impl ic i ty  in the calculat ions .  

' t 4  # 

' " ! I i  

0 .Z '~ ,Z' 1 

Fig. 3 

2. For  constant  B, ~, y the sys t em (1.4) is au ton-  
omous and may be inves t iga ted  in the uM plane,  as 
was done in [2]. For  a r b i t r a r y  B(x) and y(x), but 99 -- 
= 0 the second equat ion of (1.1) is in tegra ted  by quad-  
r a t u r e s  and the sys t em (1.4) reduces  to the equat ion 

M ' =  M [ I  + ~ / ~ ( x - - t )  M~] • -~ , 

, i - - M  S y 

an ana lys i s  of which is c a r r i e d  out in the xM plane" 
In the genera l  case,  when B, ~0, y a re  a r b i t r a r y  

functions of x it is n e c e s s a r y  to cons ider  the space 
xuM, while only those in tegra l  curves  belonging to the 
reg ion  

0 ~ < x ~ < t ,  u > 0 ,  M > 0  (2.1) 

a r e  of i n t e r e s t  for the p r e s e n t  invest igat ion.  
One of the boundar ies  of this reg ion  (the plane x = 0) 

is the plane in which the in i t ia l  condit ions a re  given,  
and two others ,  the p lanes  u = 0 and M = 0 a re  composed 
of in tegra l  curves  of s y s t e m  (1.4) of the f o r m  

M = 0, u ----- eonst g(x), u = 0, x ----- eonst. 

To find the s ingu la r  points ,  we set  the n u m e r a t o r  
and denomina to r  of the r igh t  s ide of Eqs. (1.4) equal 
to zero: 

( ,  + = 0, y /  

u(uMeyAa~--mueY-~--y)=O, mt~(i --M2) : 0 �9 

It follows f r o m  the f o r m  of these  equat ions  that  
the i r  solut ions  a r e  not individual  i so la ted  points ,  but 
c e r t a i n  l ines .  These l ines ,  which we shal l  cal l  s i n -  
gu la r ,  a r e  as follows: 

M = 0, u = 0,  (2.2) 

M = t, u =  
• + 4 ( . - ,  ( 

M' ~ II1M~ + P~2Mu2 
mu2 ( Atp~ (~r t )  ~ . )  

~ 1 =  - - ,  ~ . ~ = - - m  . ( 2 . 4 )  
u" - -  2p4M~u + Ix2u8 2y 

mu 2 

We shal l  consider the behavior  of the in tegra l  curves in the ne igh-  

borhood of the p lane  u = 0, i . e . ,  in the smal l  region ~2 de termined  
by the inequa l i t i e s  M < s and u << M. Then, neg lec t ing  the second 

terms in  the numerators of the r ight  sides of equations (2.4), we 
have  that  M' > 0, u' > 0, s i n c e p j m  > O. 

This means  that  the in tegra l  curves for u << M emerge  from the 

singular points of the x axis and as x increases l eave  the region a .  
No in tegra l  curve may  enter  the region ~ as x increases,  and so in 

the neighborhood of a singular polnt  i t  fulf i l ls  the relat ion M/u < eonst, 
which, when set in  (2.4), gives  x---" ~ i f  M--" 0, and u --~ 0. Thus, 

over a f in i te  segment  of the x axis no in tegra l  curve enters s ingular  

points on the x axis as x increases .  

We shall  now invest igate  the na tu re  of the s i n -  
gular  points on the l ine  (2.3), s i tuated in the plane 
M = I .  

In view of the fact that  in the neighborhood of a 
s ingu la r  point belonging to the l ine  (2.3), an i nc r ea se  
in u is expres sed  by an i nc r ea se  in M and x in a c -  
cordance  with (1.5), the in tegra l  curves  in the ne igh-  
borhood of th is  point lie in  some plane, and the c h a r -  
ac t e r  of the s ingu la r i ty  may  be analyzed by the 
method appl icable  to curves  in p lanes .  The following 
equat ion is obtained for the der iva t ives  M' ca lcula ted  
along the d i rec t ion  of curve  i tself :  

i '2 + ~M'  + ~ = 0.  (2.5) 

Here 

( )C x+i uyA uB z - - I  (p uB • y ' 
'~1-- 2 7 rnu~ -ff y 

~,, (~ + i) uau" [uB~(~ + ~) -- 
= 4mu2~2 

x--i (p2 (~- - t  )] 

T~** = (~ § zay laB'  (a + ~)  - -  

v 7 

The s ingu la r i t i e s  may have di f ferent  c h a r a c t e r s  
[4], depending on the value of the roots  of equat ion 
(2.5). 

i 
Fig. 4 

F i r s t  case.  The roots  of (2.5) a r e  r ea l ,  d i f ferent  
in magni tude ,  and a r e  both negat ive .  In this case  the 
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s ingu la r  point is a node, and in its neighborhood the 
coefficients  in (2.6) sa t is fy  the condit ions 

YI>O,  y ~ > O ,  1/4y12 --Y2>~O'  (2.7) 

At such a s ingu la r  point a continuous t r ans i t i on  
through the speed of sound is poss ib le  only in pass ing  
f rom supe r son ic  to subsonic  flow. That par t  of the i n -  
t eg ra l  curve  which cor responds  to supe r son ic  flow is 
de t e rmined  by specifying the ini t ia l  condit ions at x = 
= 0, M = Ma, u = Ua, and the in teg ra l  curve  c o r r e -  
sponding to subsonic  flow f rom the s ingu la r  point to 
x = 1 is de t e rmined  by one of the condit ions (1.2) or 
(1.3). 

Second case .  The roots  of (2.5) a re  r e a l ,  of d i f -  
fe ren t  magni tude,  and of opposite sign. In this case 
the s ingu la r  point is a saddle point,  and the condi t ion 

w < 0 (2.8) 

is fulf i l led in its neighborhood. 
At a s ingu la r i ty  of this  type a cont inuous t r a n s i t i o n  

is poss ib le  f rom subsonic  to superson ic  flow along one 
of the in tegra l  cu rves  en te r ing  the saddle point f rom 
M' > 0, and a cont inuous t r a n s i t i o n  f rom supe r son ic  
to subsonic  flow is poss ib le  along another  in tegra l  
curve  en te r ing  the saddle  point f rom M'  < 0. 

11 

D I 

Fig. 5 

An example of flow corresponding to a passage through the speed 
of sound at a singularity of this type is well known in gasdynamies 
(Laval nozzle), where the condition y' = 0 should be fulfilled at the 
transition point. 

Thi rd  case,  The roots  of (2.5) a re  complex.  In this 
case the s ingu la r  point  is a focus,  and the condi t ion 

"/47~: -- u < 0 (2.9) 

is fu l f i l led  in its neighborhood.  
At a s i ngu la r i t y  of this  type a cont inuous t r a n s i -  

t ion through the speed of sound is imposs ib le .  The 
flows which a r e  poss ib le  in this  case  may  be e i the r  
to ta l ly  super son ic ,  or  to ta l ly  subsonic ,  o r  with a 
t r a n s i t i o n  f rom s u p e r s o n i c  to subson ic  conf igura t ions  
in a shock wave. 

Four th  case.  The roots  of (2.5) a re  r ea l ,  of d i f -  
f e r en t  magni tude ,  and a r e  both posi t ive .  

In this  case the s i n g u l a r  point  is a lso  a saddle  
point ,  and the condi t ion 

YI ~ O, Y2 > O, ~I4Y~ ~ -- Y~ > 0 (2.10) 

is fu l f i l led  in its neighborhood.  

Close to such a s ingu la r i ty  a continuous t r ans i t i on  
is poss ib le  f rom subsonic  to superson ic  flow. It fo l -  
lows f rom re la t ions  (2.10), (2.3), and (2.6) that a 
s ingu la r i ty  of this type may exis t  in a na r rowing  chan-  
nel  y* < 0, opera t ing as an acce le ra to r .  Obviously a 
s ing le -va lued  solut ion cannot be cons t ruc ted  in this case 
s ince a fami ly  of curves  depending on one p a r a m e t e r  
e m e r g e s  f rom the s ingu la r  point, each of which sa t -  
i s f ies  the condit ion M b > 1, Pb > P~" 

a 

Fig. 6 

1 
b 

We note tha t  these conf igu ra t ions  m a y  be ob t a ined  only  by  a n o n -  

stationary path, since the curves from the region Q, and its bounding 

curve I, represented schematically in the plane xM in Fig. 2, cor- 

respond to a quasi-stationary increase of the pressure differential Ps - 

-- pc,. In what follows we shall not consider this type of singularity. 

Different flow configurations correspond to differ- 

ent types of singularity. The part of the three-dimen- 

sional space under consideration (2.1) may be divided 

into a series of regions depending on the nature of the 

flow. 

For  the sake of c la r i ty ,  we shal l  begin  with an 
ana lys i s  of these regions  for the s i mp l e r  case when 
(z = 0, which reduces  to an inves t iga t ion  of the in t e -  
g ra l  curves  in a plane,  and we shal l  subsequent ly  ex -  
tend the r e su l t s  to the case of t h r e e - d i m e n s i o n a l  space.  

g 1 g 
a b 

Fig. 7 

For  e = 0, B = B(x), y = y(x) the coeff ic ients  (2.6) 
have the f o r m  

T1 (Z "4- i) • 2 2 (5"i) 2 
2m ' T2* ~-= r. + 1 ' 

T~** " TI( B'B 2~')" 

We shal l  cons ider  the f i r s t  case.  * The condit ions 
(2.7) impose  the r e s t r i c t i o n s  

• B" y" •  
L ~ B 2y '  % ~ T 1  

*In the p r e s e n t  paper  the node type s ingu la r i t y  is 
de sc r i be d  in m o r e  detai l  than the o thers ,  s ince  it c o r -  
responds  to the m o s t  va r i ed  se t  of flow reg ions .  
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on B' and y", which when fulfi l led r e su l t  in a s ingular  
point which is a node (Fig. 3). The sepa ra t r i x  of the 
node 1 (it is given by a l ine of dots and dashes in Fig. 
3) divides the in tegra l  curves  en te r ing  the node for 
M > 1 f rom the curves  en te r ing  the node for M < 1. 

!=1 

i ~i~:i ~ ~ ~  

0 

Fig. 8 

Solutions with a continuous t r ans i t i on  through the speed 
of sound a re  s i tuated in the reg ion  Q lwh ieh l t e s  between 
the s e p a r a t r i x  1 and the in tegra l  curve 2. The in i t ia l  
data f rom the segment  qj co r respond  to the reg ion  Q1 
on the s t ra igh t  l ine x = 0. 

The region  Q2 is s i tua ted  below the in tegra l  curve 
3, and its in tegra l  curves  co r re spond  to total ly sub -  
sonic flow with ini t ia l  condit ions given on segment  q2. 

Flow configurat ions  which a re  total ly superson ic  
occur  in reg ion  Q3, which is s i tua ted  above in tegra l  
curve 4, en te r ing  the point  M = 1, x = 1. The in i t ia l  
data for solut ions in this region  a re  contained in the 
s emi - i n f i n i t e  segment  q3. 

The s e p a r a t r i x  1, the in tegra l  curve  4 and the 
s t ra igh t  l ine M = 1 divide the reg ion  Q4, and the so lu -  
t ion may be extended cont inuously  along the in tegra l  
curves  of this  r eg ion  to M = 1 for x < 1. The in tegra l  
curves  f rom Q4 co r r e spond  to supe r son ic  flow in f ront  
of the shock wave, and the subsonic  pa r t  of this so l u -  
t ion belongs e i ther  to the reg ion  Q2, or to the subsonic  
par t  of region Q1, or to the reg ion  Qs enc losed  between 
the in tegra l  curve  3, the s t ra igh t  l ine  M = 1 and the 
separas  1. 

The posi t ion  of the shock wave in the channel  (given 
in Fig. 3 by a b roken  l ine)  is de t e rmined  by the condi -  
t ions at x = 1. 

Ini t ia l  data f rom the in te rva l  q4 co r r e spond  to so lu -  
t ions with a shock wave. In tegra l  curves  f rom the r e -  
gion Q6, bounded by the s t ra igh t  l ine  M = 1 and the 
curve  2, do not c o r r e s p o n d  to ac tua l  flow pa t te rns .  

Cer ta in  reg ions  may  inc rea se ,  dec rea se  or van ish  
a l together ,  depending on the pos i t ion  of the s ingu la r  
point  x = x* in the channel .  For  example,  for x* = 1 
the reg ion  Q4 is absent .  

We now a s s u m e  that  in the t h r e e - d i m e n s i o n a l  case 
with ~0(x) ~ 0 there  is one s ingu la r  l ine  in the plane 
M = 1 composed e n t i r e l y  of nodes.  The s e p a r a t r i c e s  
of the nodes f rom a sur face  in the space xuM, s e p a -  
r a t i ng  the solut ions  with a cont inuous t r a n s i t i o n  through 
the veloci ty of sound f rom solut ions  with a shock wave. 
The s e p a r a t r i x  su r face  and  the plane M = 1 i n t e r s e c t i n g  
the plane x = 0 f rom a reg ion  of in i t ia l  values  of u, M, 
f rom which flow pa t t e rns  with a cont inuous t r a n s i t i o n  
through the speed of sound commence .  

The in tegra l  curves having M = 1 for x - 1 ( s imi la r  
to curve 4 in Fig. 3), fo rm a surface  separa t ing  s u p e r -  
sonic flow in the channel f rom flow with a shock wave, 
and the in tegra l  curves having M = 1 for x = 0 fo rm a 
sur face  dividing subsonic  and superson ic  flow f rom 
the in tegra l  curves  s i m i l a r  to the curves  f rom regions  
Q~ and Q6 in a plane.  

On in te r sec t ing  the plane x = 0 these regions  define 
cor responding  regions of ini t ia l  values.  

In the second case for ~o = 0 condit ions (2.8) give 

B" ~@, 271 

and the s ingu la r  point is a saddle point. 
The s epa ra t r i e e s  1 and 2 of the saddle point (Fig. 

4) divide the f ield of in tegra l  curves  into the reg ions :  
Q2 below both separatrLees where  the flow is en t i r e ly  
subsonic;  Q3 above both s e p a r a t r i c e s  where the flow 
is en t i re ly  supersonic ;  Q5 between the s epa ra t r i x  1 
and the s t ra igh t  l ine M = 1 to the r ight  of the s ingu la r  
point. The in tegra l  curves  belonging to Q~ co r re spond  
to the subsonic  flow behind a shock wave if the s u p e r -  
sonic pa r t  of the solut ion l ies  in the reg ion  Q3 or on its 
border ;  Q6 to the left  of the s ingu la r  point between the 
s e p a r a t r i e e s  and ~o the r ight  between the s epa ra t r i x  
2 and the s t ra igh t  l ine M = 1. The in tegra l  curves  of 
this region  do not cor respond  to obse rved  flows. A con-  
t inuous t r a n s i t i o n  through the veloci ty of sound is p o s -  
s ible  only along the separa t r ix .  

The in i t ia l  data f rom q2, q~, qs co r r e spond  to the 
regions  Q2, Q3, Q6. 

In the t h r e e - d i m e n s i o n a l  case for ~o = ~(x), if the 
s ingular  l ine which occurs  is composed only of saddle 
type s ingu la r i t i e s ,  the s e p a r a t r i c e s  of the saddle  points 
fo rm a sur face  dividing the por t ion  of the t h r e e - d i m e n -  
s ional  space (2.1) into reg ions  s i m i l a r  to the regions  
in the plane,  and the flow configurat ions which occur  
a re  s i m i l a r  to those cons ide red  above. 

2.5 

,5 \ 
v 

o.s~ I 

Fig. 9 

For  focus type s ingu la r i t i e s  (Fig. 5) in the case 
~0 = 0 the inequa l i t i es  (2.9) give 

B" y " ~  ~ - - 7  
B ~ " - > ~ ( - - ~ - V - 6  ~1 " 

Here  the flow ma y  be e i ther  e n t i r e l y  s u p e r s o n i c - -  
in the r eg ion  Q3, or e n t i r e l y  s u b s o n i c - - i n  the reg ion  
Q2, or may have a t r a n s i t i o n  f r o m  supe r son i c  to s u b -  
sonic flow in a shock wave. 
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I n t e g r a l  c u r v e s  c o r r e s p o n d i n g  to the  s u p e r s o n i c  

p a r t  of the  s o l u t i o n  l ie  in t he  r e g i o n  Q4, and  the  s o l u -  

t i o n s  b e y o n d  the  s h o c k  wave  a r e  s i t u a t e d  in the  r e g i o n  

Q2 and  on i ts  b o r d e r - - t h e  i n t e g r a l  c u r v e  1. 

The i n t e g r a l  c u r v e s  f r o m  the r e g i o n  Q G do not  c o r -  

r e s p o n d  to a c tua l  f low p a t t e r n s .  

D e g e n e r a t e  s i n g u l a r i t i e s  s u c h  as  c e n t e r s  ( r o o t s  of 

(2.5) i m a g i n a r y ) ,  n o d e s  wi th  one  c h a r a c t e r i s t i c  d i -  

r e c t i o n  ( roo t s  w h i c h  c o i n c i d e )  e t c . ,  a r e  not  a n a l y z e d  
h e r e  s i n c e  the  p r e s e n c e  of s u c h  s i n g u l a r i t i e s  d o e s  

not  l e a d  to new t y p e s  of f low.  

We s h a l l  now c o n s i d e r  d i f f e r e n t  c a s e s  of i n t e r a c -  

t i o n  of the s i n g u l a r i t i e s  f o r  i n t e g r a l  c u r v e s  in the  

p l a n e  (~0 = 0). F o r  e x a m p l e ,  l e t  t h e r e  be  a f o c u s  and  

a node  in t he  r e g i o n  u n d e r  c o n s i d e r a t i o n  (Fig.  6). 

Two c a s e s  m a y  o c c u r :  

S e p a r a t r i x  1 of t he  n o d e  i n t e r s e c t s  the  s t r a i g h t  l ine  

x - 0, and  s o l u t i o n s  a r e  p o s s i b l e  wi th  a c o n t i n u o u s  

t r a n s i t i o n  t h r o u g h  t h e  s p e e d  of s o u n d  (Fig.  6, a).  

S e p a r a t r i x  1 of the  n o d e  d o e s  no t  i n t e r s e c t  t he  

s t r a i g h t  l ine  x = 0, and  c o n s e q u e n t l y  t h e r e  a r e  no 

s o l u t i o n s  wi th  a c o n t i n u o u s  t r a n s i t i o n  t h r o u g h  the  

s p e e d  of s o u n d  (Fig.  6, b). 

In t h e  f i r s t  e a s e  t h e r e  wi l l  be  r e g i o n s  of in i t i a l  

v a l u e s  qt  on the  s t r a i g h t  l i n e  x = 0, c o r r e s p o n d i n g  to 

f l ow p a t t e r n s  in the  n e i g h b o r h o o d  of the  node ,  and  in 

the  s e c o n d  e a s e  r e g i o n s  c o r r e s p o n d i n g  to f low p a t t e r n s  

in the  n e i g h b o r h o o d  of t he  f o c u s .  

W h e n  a focus  and  a s a d d l e  p o i n t  i n t e r a c t  the  p o s -  

s t b l e  c a s e s  a r e  s i m i l a r  to t h o s e  c o n s i d e r e d  abo v e .  If 

t h e r e  is a s a d d l e  p o i n t  and  a node  in the  r e g i o n  u n d e r  

c o n s i d e r a t i o n  (Fig.  7), t h e n  t h e r e  m a y  be  a doub le  

t r a n s i t i o n  t h r o u g h  the  s p e e d  of s o u n d - - f i r s t  a t  the  node  

f r o m  s u p e r s o n i c  to s u b s o n i c  f low,  and  t h e n  at  t he  

s a d d l e  p o i n t  f r o m  s u b s o n i c  to s u p e r s o n i c  f low on c o n -  

d i t i o n  t h a t  t h e  s e p a r a t r i x  2 of t he  s a d d l e  p o i n t  e m e r -  

g e s  f r o m  t h e  n o d e  (F ig .  7a). If  t h e  s e p a r a t r i x  2 of  the  

s a d d l e  po in t  b e g i n s  in t h e  r e g i o n  Q~ (F ig .  7b),  t h e n  

a s o l u t i o n  wi th  a c o n t i n u o u s  t r a n s i t i o n  t h r o u g h  t h e  

s p e e d  of s o u n d  i s  p o s s i b l e  only  a long  the  s e p a r a t r i x  1 

of t h e  s a d d l e .  In t h e  f i r s t  e a s e  t h e r e  wi l l  be  i n i t i a l  

v a l u e s  on the  s t r a i g h t  l i n e  x = 0 c o r r e s p o n d i n g  to  f l o w  

p a t t e r n s  in t he  n e i g h b o r h o o d  of t h e  n o d e  and  t h e  s a d -  

d ie  po in t ,  and  in  t h e  s e c o n d  e a s e  t h e  i n i t i a l  d a t a  c o r -  

r e s p o n d i n g  to  s o l u t i o n s  w i th  a t r a n s i t i o n  t h r o u g h  t h e  

v e l o c i t y  of s o u n d  fa l l  in to  r e g i o n  q 6 of  t he  s a d d l e  po in t  

a t  t h e  node .  O t h e r  c o m b i n a t i o n s  of s i n g u l a r i t i e s  m a y  

be  a n a l y z e d  in  t h e  s a m e  m a n n e r .  

F o r  q~ = ~o(x) in  the  g e n e r a l  e a s e  t h e r e  m a y  be  any  

s e t  of s i n g u l a r i t i e s  in r e g i o n  (2.1) c h a n g i n g  t h e i r  c h a r -  

a c t e r  a l o n g  the  l i ne  (2.3). The  a n a I y s t s  of t h e i r  i n -  
t e r a c t i o n  is  s i m i l a r  to tha t  o u t l i n e d  above .  

3. By way of an example, we give an analysis of the possible flow 
configurations in a uniform electromagnetic field and a channel which 
widens linearly. 

In the calculations illustrating this point the vaiues of the constants 
were chosen as follows: B = 1, ~ = 1, ~ = 5/3, the angle between the 
wall and axis of the channel is ~~ = 20 ~ and corresponding to this 
y' l~ = 3.64, the Mach number and the velocity at the channel 
exit are Ma= 1, ua= 0.5, while m = 0.32479. 

Assuming that the flow into the in le t  of the MHD channel  occurs 
without suppiying energy, we find that  the ve loc i ty  u -< 1 everywhere 

in the flow, and consequently,  in the example  under considerat ion,  
the region of space (x, u, M) is de te rmined  by the inequal i t ies  

0 < x % l ,  0 < u ~ t ,  M > 0 .  (3.1) 

The singular l ine  (2.3) in the p lane  M = 1, represented in Fig. 8, 

is composed of two branches ; u = u I and u = u 2 , corresponding to the 
plus and minus signs in  Eq. (2.3).  As the value  of the paramete r  A 

increases  the l ines  of one branch draw closer together ,  tending to a 

limiting position for A'-" ~o : 

U l ~ B ~  , u ~  : 4 - ~  (P 
�9 • B y  

Investigation has shown that along the line u = u2 the singular 
points are all saddles for all values of A and all x in the region (3.1). 

In the neighborhood of this branch of the singular line c~ < 0, i . e . ,  
the flow occurs in the accelerator configuration. 

In the neighborhood of the line u = u I the flow occurs in the gen- 
erator configuration, it follows from (2.6) that Yl > 0, 72** = 0 and 
72 = 72 * > 0 for the type of MHD channel under consideration when 
c~ > 0, and so the singular points may be either loci or nodes. 

When A = 0.1, the line u = ul is composed of loci for x and u 
belonging to region (3.1) ; when /x = 1 the singular points are loci 
for 0 -< x < 0.44, and for 0.44 -< x -< 1 the singular points are nodes. 
For a --> 10 the singular line u = ul consists of nodes, 

Thus in an accelerator corresponding to the example under con- 
sideration there exist flow patterns investigated in paragraph 2 of the 
second case, and in a generator-flew patterns investigated in para- 
graph 2 in the first and third cases. We shall trace the integral curve 
with initial data M a = 1, ua = 0.5 and follow its change of character 
with increase of the parameter A. For x = 1 the condition M b -> 1, pb - 
-> p~ is fulfilled. 

Figure 9 gives the variation of the Mach number M along the chan- 
nel for various A. For A --< 0.1 the flow in the channel is entirely 
supersonic; for 0.1 < A -< 0.55 the transition from supersonic to sub- 
sonic flow occurs in a shock wave, since the integral curve approached 
a focus type singularity; for A >- 0.55 the supersonic fiow passes con- 
tinuously to subsonic flow at a node type singularity. 

We n o t e  in c o n c l u s i o n  t h a t  the  a b o v e  i n v e s t i g a t i o n  

m a y  be t r a n s f e r r e d  to the  m o r e  g e n e r a l  e a s e  of f low 

wi th  f r i c t i o n  and  h e a t  e x c h a n g e ,  if t he  c o r r e s p o n d i n g  

c o e f f i c i e n t s  a r e  k n o w n  f u n c t i o n s  of t he  f l ow p a r a m -  

e t e r s ,  t he  l o n g i t u d i n a I  c o o r d i n a t e ,  e t c .  
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